BOUNDED-DEGREE GRAPHS HAVE 
ARBITRARILY LARGE QUEUE-NUMBER 



DAVID R. WOOD 

Abstract. It is proved that there exist graphs of bounded degree with arbitrarily 
large queue- number. In particular, for all A > 3 and for all sufficiently large n, there is 
a simple A-regular n- vertex graph with queue-number at least c\/An 1/ ' 2-1/ ' A for some 
absolute constant c. 



1. Introduction 

We consider graphs possibly with loops but with no parallel edges. A graph without 
loops is simple. Let G be a graph with vertex set V(G) and edge set E(G). If S C E(G) 
then G[S] denotes the spanning subgraph of G with edge set S. We say G is ordered if 
V(G) = {1,2, ... , Let G be an ordered graph. Let lie) and r(e) denote the 

endpoints of each edge e G E(G) such that 1(e) < r(e). Two edges e and / are nested 
and / is nested inside e if £(e) < 1(f) and r(f) < r(e). An ordered graph is a queue if no 
two edges are nested. Observe that the left and right endpoints of the edges in a queue 
are in first-in-first-out order — hence the name 'queue'. An ordered graph G is a k-queue 
if there is a partition {E\, E2, ■ ■ ■ , E^} of E(G) such that each G\Ej\ is a queue. 

Let G be an (unordered) graph. A k-queue layout of G is a fc-queue that is isomorphic 
to G. The queue-number of G is the minimum integer k such that G has a /c-queue layout. 
Queue layouts and queue-number were introduced b y H eath et al. 0, 0] in 1992, and 
have applications in sorting permutations parallel process scheduling 

matrix computation sjldj l . an d grap h drawing 0,U Other aspects of queue layouts 
have been studied in 0, US, 0, EJ 0, • 



Prior to this work it was unknown whether graphs of bounded degree have bounded 
queue-number. The main contribution of this note is to prove that there exist graphs of 
bounded degree with arbitrarily large queue-number. 

Theorem 1. For all A > 3 and for all sufficiently large n > n(A), there is a simple 
A-regular n-vertex graph with queue-number at least c\fKn l l 2 ~ l l^ for some absolute 
constant c. 

The best known upper bound on the queue-number of a graph with maximum degree 
A is e(An/2) 1 / 2 due to Dujmovic and Wood 0] (where e is the base of the natural 
logarithm). Observe that for large A, the lower bound in Theorem ^ tends toward this 
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upper bound. Although for specific values of A a gap remains. For example, for A = 3 
we have an existential lower bound of f^n 1 / 6 ) and a universal upper bound of 0{n 1 / 2 ). 

2. Proof of Theorem [T] 

The proof of Theorem ^ is modelled on a similar proof by Barat et al. [jj . Basically, 
we show that there are more graphs A-regular graphs than graphs with bounded queue- 
number. The following lower bound on the number of A-regular graphs is a corollary of 
more precise bounds due to Bender and Canfield 0], Wormald [ia], and McKay 0); see 


Lemma 1 ( ). For all integers A > 1 and for sufficiently large n > n(A), the 

number of labelled simple A-regular n-vertex graphs is at least 

/ n \ An/2 

V3A/ 

It remains to count the graphs with bounded queue-number. We will need the following 
two lemmas from the literature, whose proofs we include for completeness. A rainbow in 
an ordered graph is a set of pairwise nested edges. 

Lemma 2 (0,0)- An ordered graph G is a k-queue if and only if G has no (k + l)-edge 
rainbow. 

Proof. The necessity is obvious. For the sufficiency, suppose G has no (k + l)-edge 
rainbow. For every edge e of G, if i — 1 edges are pairwise nested inside e, then assign e 
to the i-th queue. □ 

Lemma 3 ([2j)- Every ordered n-vertex graph with no two nested edges has at most 
2n — 1 edges. 

Proof. If v + w = x + y for two distinct edges vw and xy, then vw and xy are nested. 
The result follows since 2 < v + w < 2n. □ 

Let g{n) be the number of queues on n vertices. To bound g(n) we adapt a proof of 
a more general result by Klazar JJjfl; also see 0,0 

for other related and more general 

results. 

Lemma 4. g(n) < c n for some absolute constant c. 

Proof. Say G is an ordered n-vertex graph. Let G' be an ordered 2n-vertex graph obtained 
by the following doubling operation. For every edge vw of G, add to G' a nonempty set 
of edges between {2v — 1, 2v} and {2w — 1, 2w}, no pair of which are nested. 

Every ordered 2n-vertex ordered graph with no two nested edges can be obtained from 
some ordered n-vertex graph with no two nested pair of edges by a doubling operation. To 
see this, merge every second pair of vertices, introduce a loop between merged vertices, 
and replace any resulting parallel edges by a single edge. The ordered graph that is 
obtained has no nested pair of edges. 

In the doubling operation, there are 11 possible ways to add a nonempty set of non- 
nested edges between {2v — l,2v} and {2w — l,2w}, as illustrated in Figure ^ Thus 
g(2n) < ll 2 ™" 1 • g( n ), since G' has at most 2n — 1 edges by Lemma 03 It follows that 
gin) < ll 2n . □ 
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Figure 1. The 11 possible ways to add a nonempty set of non- nested 
edges between {2v — 1, 2v } and {2w — 1, 2w}. 

Lemmata 121 and pimply the following. 

Corollary 1. The number of k-queues on n vertices is at most c kn for some absolute 
constant c. 

It is easily seen that Lemma^and Corollary pimply a lower bound of c(A/2 — 1) log n 
on the queue-number of some A-regular n-vertex graph. To improve this logarithmic 
bound to polynomial, we now give a more precise analysis of the number of fe-queues 
that also accounts for the number of edges in the graph. 

Let g(n, m) be the number of fc-queues on n vertices and m edges. 

Lemma 5. 

'( 2 n J-c 2m ,ifm<§ 



g(n, m) < 
for some absolute constant c. 



if m > S, 



Proof. By Lemma @J we have the upper bound of c n regardless of m. Suppose that 
m < §• An rn-edge graph has at most 2m vertices of nonzero degree. Thus every 
n-vertex m-edge queue is obtained by first choosing a set S of 2m vertices, and then 
choosing a queue with |5| vertices. The result follows. □ 

Let g(n, m, k) be the number of fc-queues on n vertices and m edges. 

Lemma 6. For all integers k such that — < k < m, 



2m 

/ rl/D \ 

(n, m, k) < 



( ckn \ ' 
\ m J 



for some absolute constant c. 



Proof. Fix nonnegative integers m-i < m 2 < • • • < ni/% such that Y2% m i = m - Let 
g(n;mx,m2, ■ ■ ■ ,Tni~) be the number of fc-queues G on n vertices such that there is a 
partition {E\, E%, . . . , E^} of E(G), and each G[Ei] is a queue with \Ei\ = m;. Then 

k 

g(n;m 1 ,m 2 , . . .,m k ) < JJ#(n,mj). 
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Now mi < 77, as otherwise m > ^ > m. Let j be the maximum index such that mj < ^. 
By Lemma El 

g(n;m 1 ,m 2 ,...,m k )< (^J^^c 2 ^ (c n ) k ~ j . 
Now Y^i=i m i — 771 ~ 2^ ~~ Thus 

»(n;mi > m 2> ...,m fc )< m Q™.)! (c 2 — <*-*>») (c^>) 

- 2m n( 2 :,)- 

We can suppose that k divides 2m. It follows (see 0]) that 

It is well known 0, Proposition 1.3] that (?) < (en/t) 1 . Thus with t = 2m/k we have 



g(n;mi,m 2 , ■ ■ ■ ,m k ) < 



1 \ 2m 

cekn 



2m 
Clearly 

g(n,m,k)< ^ g(n;m 1 ,m 2 , . . . ,m k ), 



mi,...,m k 



where the sum is taken over all nonnegative integers m\ < m 2 < • • ■ < m k such that 
^ mi = m. The number of such partitions Q, Proposition 1.4] is at most 



k + m- 1\ < /2m N | < 22m 
m / \ m 



Hence 

•,2m 



g(n, m, k) < 2 



7 \ 2m 

ce kn 



2m 

□ 



Every ordered graph on n vertices is isomorphic to at most n\ labelled graphs on n 
vertices. Thus Lemma has the following corollary. 

Corollary 2. For all integers k such that ^ < k < m, the number of labelled n-vertex 
m-edge graphs with queue-number at most k is at most 

( ckn \ 2m 

n!, 

\ m J 

for some absolute constant c. □ 
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Proof of Theorem^ Let k be the minimum integer such that every simple A-regular 
graph with n vertices has queue-number at most k. Thus the number of labelled simple 
A-regular graphs on n vertices is at most the number of labelled graphs with n vertices, 
^An edges, and queue-number at most k. By Lemma Hand Corollary [21 




Hence k > VAn 1 / 2 " 1 ^ /(y/3c). □ 
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